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We explore spin-orbit thermal entanglement in rare-earth ions, based on a witness obtained from
mean energies. The entanglement temperature TE , below which entanglement emerges, is found
to be thousands of kelvin above room temperature for all light rare earths. This demonstrate the
robustness to environmental fluctuations of entanglement between internal degrees of freedom of a
single ion.
The phenomenon of entanglement has received much
attention from the scientific community owing to its im-
portance in the foundations of Quantum Mechanics and
the possibility of its use as a resource in quantum in-
formation processesing, for example, in dense coding [1]
and quantum teleportation [2]. In spite of the advances
in this field [3], some important open questions still re-
main, such as how to determine in an unique and uni-
versal way whether a general mixed state is entangled or
not in relation to a particular partition. Thus, a large
portion of the research in quantum information theory
is concerned with developing tools capable of detecting
or, at least, estimating entanglement [4–6]. Among these
tools, a very useful one, which can estimate the degree
of entanglement in states of arbitrary purity and dimen-
sions, even in many-body systems [7], is a class of observ-
ables called entanglement witnesses [8, 9]. Such observ-
ables present positive expectation values for all separable
states, and negative expectation values when entangle-
ment is present [10].
Another important question is whether entanglement
can survive at relatively high temperatures, although the
process of decoherence increases with the size and the
temperature of the system [11–15]. Unlike previous stud-
ies [16–22], which look for entanglement between angular
momenta of the same nature (namely, spins) in differ-
ent ions, the present study focuses attention on entan-
glement between internal degrees of freedom of a single
ion, spin and orbital angular momenta [23], at finite tem-
perature. This approach shows that rare-earth ions are
good candidates to retain entanglement up to high tem-
peratures, due to the huge energy gap, provided by spin-
orbit coupling, between the ground state and the first
excited state. In order to determine the spin-orbit ther-
mal entanglement, we use a technique analogous to that
described by To´th [24], in which a witness that is directly
related to the mean energies [25] signals the presence of
absence of entanglement. When the system is in thermal
equilibrium, the internal energy can be used as an entan-
∗ oduartem@if.uff.br
† ccastro@if.uff.br
glement witness, and a temperature bound for separable
states can be found.
Rare-earth ions present an incomplete 4f shell (except
for La and Lu). When forming compounds they lose
6s and 4f electrons, and the remaining unpaired 4f elec-
trons are responsible for their magnetic properties. Since
4f shells are spatially inside 5s and 5p shells, a shield ef-
fect is present and the 4f electrons are isolated from their
surroundings [26]. The magnetic behavior in terms of lo-
calized magnetic moments is related to an effective spin
operator S, with associated eigenvalue s, and an effective
orbital angular momentum operator L, with associated
eigenvalue l, given by the Hund rules. These two quan-
tities compose the total angular momentum J = L + S,
with eigenvalues |s− l| ≤ j ≤ s+ l.
Thus the Hamiltonian describing the interaction be-
tween these two quantities is
H = ζ S · L (1)
where ζ is the spin-orbit coupling parameter. Depending
on the value of the coupling parameter, two different sce-
narios arise. If the 4f shell is less than half filled, as it
is in the light rare-earth ions, ζ is positive and therefore
the coupling between the vectors S and L is anti-parallel.
Consequently, the ground state is characterized by the
total angular momentum j0 = |s− l|. If the 4f shell is
more than half filled, as it is in the heavy rare-earth ions,
ζ is negative and therefore the coupling is parallel. As
before, the ground state is then given by j0 = s+ l. The
values of s, l and j0 for the rare-earth ions are given in
Table I.
For the sake of completeness, let us rewrite the Hamil-
tonian in Eq.(1) as
H =
ζ
2
(
J2 − S2 − L2) , (2)
whose energies are
Ej = ζ
2
[j(j + 1)− s(s+ 1)− l(l + 1)] . (3)
Thus, from Eq.(3), we can see that the energy of each
multiplet j is proportional to the coupling parameter ζ.
ar
X
iv
:1
30
8.
16
15
v1
  [
qu
an
t-p
h]
  7
 A
ug
 20
13
2Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb
s 1/2 1 3/2 2 5/2 3 7/2 3 5/2 2 3/2 1 1/2
l 3 5 6 6 5 3 0 3 5 6 6 5 3
j0 5/2 4 9/2 4 5/2 0 7/2 6 15/2 8 15/2 6 7/2
∆E(K) 3150 3100 2750 2300 1450 500 43200 2900 4750 7500 9350 11950 14800
ζ(K) 900 620 500 460 414 500 — −483 −633 −937 −1247 −1991 −4229
TE(K) 1758 1851 1904 2008 1975 3295 — — — — — — —
TABLE I. Values of spin s, orbital angular momentum l, ground state total angular momentum j0, energy gap ∆E , coupling
parameter ζ and entanglement temperature TE for rare-earth ions.
It is worth noting that the coupling parameter reaches
thousands of Kelvins, as can be seen in Table I, meaning
a huge energy gap between the ground state and first
excited state.
The motivation for studying light rare earths was the
anti-parallel alignment between angular momenta. If
both angular momenta of the pair present eigenvalue 12 ,
which means a 2×2 Hilbert space with anti-parallel cou-
pling, the explanation for entanglement is quite obvious,
since there are only the singlet and triplet eigenstates. In
this case, the singlet corresponds to the ground state and
the entanglement between the variables is easily deter-
mined, since it is a pure state. On the other hand, as the
triplet is formed by a mixture of separable and entangled
states, no entangled can be found. If the coupling were
parallel the situation would become the opposite, with
the triplet being the ground state and, consequently, no
entanglement is present [27].
To study entanglement between spin and orbital an-
gular momenta for a rare-earth ions, it is not enough
to check directly the eigenstates of the Hamiltonian of
Eq.(1) for a given value of l and s. Since the angular
momenta are of different nature and size, the Hilbert
space of the system has a dimension ds ⊗ dl and there
is no unique criterion for determining entanglement in
mixed states in such circumstances. In fact, the only
pure ground state is the one from the light rare-earth ion
Europium, all the other ions having degenerate ground
states. Thus it would be useful to have an observable ca-
pable of revealing entanglement without reference to the
eigenstates of Eq.(1).
Following the general idea given in Ref.[24], to con-
struct an observable capable of witnessing entanglement
between spin and orbital angular momenta, we consider
the ensemble average of Eq.(1) related to a general prod-
uct state ρ = ρS ⊗ ρL, where ρS and ρL are density op-
erators in the Hilbert space of spin and orbital angular
momentum, respectively. Thus
〈H〉ρ = ζ 〈S〉ρS · 〈L〉ρL
= ζ
∣∣∣〈S〉ρS ∣∣∣ · ∣∣∣〈L〉ρL∣∣∣ cos θ, (4)
where |A| represents the magnitude of a vector A and θ
is the angle between the vectors 〈S〉 and 〈L〉.
The minimization of 〈H〉ρ depends on the signal of ζ.
For ζ > 0 (light rare earths) the infimum is attained
when θ = pi, and for ζ < 0 (heavy rare earths), the angle
θ = 0 minimizes 〈H〉ρ. In addition, for a state of angular
momentum j, the inequality |〈J〉| ≤ j holds. Thus the
infimum of Eq.(4) is ∓ζsl, where the upper (lower) sign
is for positive (negative) ζ. Then, for a general product
state, the lower bound
〈H〉ρ ≥ ∓ζsl (5)
is satisfied. Finaly, the internal energy can be used as
an entanglement witness and the following relation must
hold for all separable thermal states:
WH ≡ 〈H〉 ± ζsl ≥ 0, (6)
where 〈H〉 = tr{e−βHH}/Z, with β = (kBT )−1 and Z =
tr{e−βH}.
The equality in Eq.(6) allows the definition of a tem-
perature TE , below which the state will be certainly en-
tangled with respect to the S − L bi-partition. Figure 1
presents the entanglement witness as a function of tem-
perature for light rare earths. The coupling parameter ζ
was obtained from the energy difference ∆E = ζ(j + 1)
for light rare earths and ∆E = −ζj for heavy rare earths.
Table I shows the highest values of temperature below
which there exists spin-orbit entanglement, the values of
ζ for each rare-earth ion and the energy gap ∆E . The
light rare earths present spin-orbit entanglement for tem-
peratures up to 3295 K, but no entanglement is observed
for heavy rare earths.
Figure 1 shows the entanglement for all the light rare
earths. The purity of Europium’s ground state makes
entanglement more robust to rising temperature. As we
can see from Table I, Europium is the only rare earth
that reaches an entanglement temperature much higher
(more than six times higher) than its excitation gap ∆E .
In the other cases, even with degenerate ground states,
entanglement is present and it survives up to tempera-
tures much higher than room temperature, but, except
for Samarium, the temperatures are lower than the en-
ergy gap.
The results for heavy rare earths are completely differ-
ent. First of all, the witness does not predict entangle-
ment in any of the heavy rare earths. Because of the size
of the angular momenta involved, the explanation is not
3direct as in the case of pairs with eigenvalue 12 . However,
from the energy spectrum it is evident that there exists
an inversion of eigenvectors when compare with the light
rare earths. That is, for given values of s and l, we have a
light and a heavy rare earth with the same energy eigen-
vectors, but the eigenvalues are organized in ascending
order from the lowest to the highest, with the j-label go-
ing from |l − s| to l + s for light rare earths and from
l + s to |l − s| for heavy rare earths. For example, Eu-
ropium has s = 3 and l = 3 as effective spin and orbital
momenta, respectively, and its ground state corresponds
to j0 = 0, which is clearly an entangled state, because it
is a singlet. However, for Terbium, which has the same
angular momenta, the j = 0 state is the most energetic,
and at room temperatures the entanglement contained in
this state never contributes to the thermal entanglement.
The main contribution to the witness for Terbium comes
from the ground state j0 = 6, which is highly degener-
ate, so non-entanglement of the mixture can be assumed.
The same happens with the other light rare earths and
their heavy counterparts.
0 500 1000 1500 2000 2500 3000 3500
Temperature(K)
-1500
-1000
-500
0
500
W
itn
es
s
Ce
Pr
Nd
Pm
Sm
Eu
FIG. 1. (color online). Entanglement witness for light rare-
earth ions as a function of temperature. As can be seen, all
light rare-earth ions present entanglement up to high temper-
atures.
Summarizing, the present study explores the thermal
entanglement in rare earth ions. This quantum correla-
tion was verified through an energy-based entanglement
witness, constructed so as to be sensitive to entangle-
ment not between ions, but between two variables of the
same ion (spin and orbital angular momenta), through
the spin-orbit interaction. Thus rare-earth ions present
an internal degree of entanglement much more robust to
temperature fluctuations than any other condensed mat-
ter systems composed of many particles.
It is interesting to note that in the light rare-earth ions
entanglement survives up to very high temperatures, and
the results show entanglement temperatures from 1758
K (for Ce) up to 3295 K (for Eu), while no entangle-
ment could be found for heavy rare-earth ions at any
temperature. The classification of these two rare-earth
sub-groups depends on the filling of the 4f electron shell,
and the consequences are the presence or absence of en-
tanglement inside the ion. Thus we present a physical
explanation for the origin of entanglement in these ions
due to the distribution and occupation of the different en-
ergy levels that enhances our understanding of thermal
entanglement in physical systems.
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